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1. INTRODUCTION
w xIt was shown in 22 how a problem of finding a counter-example to the
Ž .pure semisimplicity conjecture pss formulated below depends on theR
existence of a division ring embedding F : G such that dim G is infinite,F
dim G is finite, and countably many additional conditions are satisfied. InF
other words the existence of such an embedding F : G is a generalized
w xversion of an Artin problem for division ring extensions solved in 4, 16
Ž w x.see also 24, Sect. 2, 26 .
w xMore precisely, it was shown in 23 that the hereditary ring
F GR sG ž /0 G
is a counter-example to the pure semisimplicity conjecture, if F : G is a
Ž .pair of division rings such that the infinite dimension-sequence d Gy‘ F G
Ž Ž ..of the bimodule G see 4.2 is the sequenceF G
v s . . . , 2, 2, . . . , 2, 2, 1, ‘ .Ž .
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We hope that by applying a modification of the bimodule amalgam rings
w xconstruction of Schofield 16, Chap. 13 one can construct such a division
ring embedding F : G. Unfortunately there are some technical problems
w xin completing the construction of Schofield and the proof in 16, Chap. 13
Ž .to get F : G with d G s v. Therefore we try to complete it in casey‘ F G
the sequence v is replaced by another suitable one.
Following this motivation we develop in this paper a technique intro-
w xduced in 23 for constructing a class of potential counter-examples to the
pure semisimplicity conjecture by means of suitable division ring exten-
sions. One of our main aims of this paper is to construct a set DS ofp ss
cardinality 2/ 0 consisting of sequences
¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘Ž .ym ymq1 y2 y1 0
Ž .with ¤ g N see Definition 4.4 , in such a way that the hereditary rightj
artinian ring
F MF GR s 1.1Ž .M ž /0 G
is a counter-example to the pure semisimplicity conjecture, if F and G are
a pair of division rings, and M is a F-G-bimodule such that the infiniteF G
Ž . Ž Ž ..dimension-sequence d M of the bimodule M see 4.2 belongs toy‘ F G F G
DS . Since the set DS is of cardinality c s 2/ 0 the result canp ss p ss
observably help in finding a suitable pair of division rings F, G and an
Ž .F-G-bimodule M such that d M g DS and the ring R is aF G y‘ F G p ss M
Žcounter-example to the pure semisimplicity conjecture we keep in mind
w xthat the set of dimension-sequences constructed in 5 has inspired
w x.Schofield’s solution of Artin’s problem in 16 . On the other hand, it might
frighten people of finding an easy solution of the pure semisimplicity
conjecture.
Throughout we assume that R is a connected basic ring with an identity
Ž .element. We denote by J R the Jacobson radical of R. We recall that R
is said to be connected if R is not decomposable in a product of rings, and
Ž .R is said to be basic if RrJ R ( F = ??? = F , where F , . . . , F are1 m 1 m
Ž .division rings. We denote by mod R the category of finitely generated
right R-modules.
We recall that a ring R is said to be of finite representation type if R is
artinian and the number of the isomorphism classes of finitely generated
Ž .indecomposable right and left R-modules is finite. A ring R is said to be
right pure semisimple if any of the following equivalent conditions is
Ž w x.satisfied see 1, 2, 7, 10, 18]20, 28, 29 :
Ž .P1 Every right R-module is a direct sum of finitely generated
modules.
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Ž .P2 The right pure global dimension of R is zero.
Ž .P3 Every right R-module is algebraically compact.
Ž .P4 The ring R is right artinian and for any sequence
f f1 m
X “ X “ ??? “ X “ X “ ???1 2 m mq1
Ž .of indecomposable modules X , X , . . . in mod R connected by non-iso-1 2
morphisms f , f , . . . there exists m G 2 such that f f ??? f f s 0.1 2 m my1 2 1
w xIt was shown in 8, Theorem 4.3 that for any commutative ring R the
following conditions are equivalent:
Ž .a R is pure semisimple,
Ž .b R is of finite representation type,
Ž .c R is an artinian principle ideal ring.
It is well known that a ring R is of finite representation type if and only
Ž wif R is right pure semisimple and R is left pure semisimple see 1, 15, 18,
x.19, 29 . However, the following pure semisimplicity conjecture
pss A right pure semisimple ring R is of finite representation typeŽ .R
Ž w x.remains an open problem see 2, 19, 20, 22, 23 . The problem is related to
w xan old problem of Kothe 12 .¨
w x Ž .In 9 Herzog proves the conjecture pss for arbitrary quasi-FrobeniusR
Ž .ring R and for arbitrary PI-ring R. An alternative proof of pss for anyR
w x w xPI-ring R was given recently by Krause in 13 and by Schmidmeier in 17 .
w xIt was shown by the author in Corollaries 3.16 and 5.1 of 22 that the
Ž .conjecture pss has a positive solution for all rings R if and only if forR
any pair of division rings F, G and any simple F-G-bimodule M suchF G
that dim M is finite and dim M s ‘ one can construct an indecompos-G F
able right module of infinite length over the hereditary right artinian ring
F MF GR s 1.1Ž .M ž /0 G
f1
or equivalently, one can construct a sequence X “ X “ ??? “1 2
fm
yX “ X “ ??? where X , X . . . are indecomposable right R mod-m mq1 1 2 M
ules of finite length and f , f . . . are non-isomorphisms such that f f1 2 m my1
??? f f / 0 for any m ) 1.2 1
w xOn the other hand it was shown in 22 how a construction of a
counter-example R to the pure semisimplicity conjecture depends on a
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generalized Artin problem for division ring extensions, which is much more
difficult than Artin’s problem for division ring extensions solved by Cohn
w x w x Ž w x.in 4 and by Schofield in 16 see also 24, Sect. 2, 26 .
Following this idea we construct in Section 4 a set DS of cardinalityp ss
/ 0 Ž .2 consisting of sequences ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ ,ym ymq1 y2 y1 0
¤ g N, and we show in Theorem 4.16 that for any pair of division rings F,j
G and any F-G-bimodule M such that the infinite dimension-sequenceF G
Ž . Ž Ž ..d M of the bimodule M see 4.2 belongs to DS , the heredi-y‘ F G F G p ss
tary ring
F MF GR sM ž /0 G
is right pure semisimple and not of finite representation type. In case
Ž . Ž . w xd M s . . . , 2, 2, . . . , 2, 2, 1, ‘ the result was proved in 23 .y‘ F G
Ž .We also show that under the assumption d M g DS the Aus-y‘ F G p ss
Ž Ž .. Ž .lander]Reiten quiver G mod R of the category mod R has preciselyM M
two connected components: the preinjective component consisting of
countably many indecomposable modules and the preprojective compo-
nent consisting of finitely many indecomposable modules. Hence we con-
clude the following:
Ž . Ž .a The endomorphism ring End X of any indecomposable right
R -module X is a division ring isomorphic to F or to G.M
Ž . Ž w x.b The infinite Jacobson radical see 3, 11, 21
‘
‘ mrad mod R s rad mod R 1.2Ž . Ž . Ž .Ž . Ž .FM M
ms0
Ž . Ž ‘Ž Ž ...2of the category mod R is not zero, whereas its square rad mod RM M
Ž w x .is zero see 27 for a discussion of related problems .
Ž .c The ring R has a Morita duality which is not a self-duality.M
The paper is organized as follows. Our main results are proved in Section
4. In Sections 2 and 3 we collect basic facts and notation we need in the
proof of our main results. In particular, in Section 3 we prove a useful
classification result which asserts that any connected hereditary right pure
semisimple ring R is either of finite representation type and the Coxeter
Ž .valued diagram C , m of R is any of the Coxeter]Dynkin diagrams A ,R n
Ž . Ž .B s C , D , E , E , E , F , G , H , H , I p with p G 5, p / 6,n n n 6 7 8 4 2 3 4 2
presented in Table 3.7, or else R is of infinite representation type and the
‘
v vŽ .Coxeter valued diagram C , m contains the arrow “ .R
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Some of the main results of this paper were presented at the workshop
‘‘Purity in Representation Theory’’ at the University of Bielefeld in Febru-
ary 1996.
w xThe reader is referred to 24, Sect. 2, 26 for a brief introduction to
Artin’s problems and related problems in the representation theory of
artinian rings.
2. PRELIMINARIES AND NOTATION
In order to formulate our main result of this paper we recall some
Ž Ž ..notation. We shall denote by G mod R the Auslander]Reiten quiver of
Ž . Ž Ž ..the category mod R , that is, the oriented graph G mod R whose vertices
w x Ž .are the isomorphism classes X of indecomposable modules X in mod R
w x w x Ž Ž ..and there exists an arrow X “ Y in G mod R if and only if there
Ž . Ž w x.exists an irreducible homomorphism X “ Y in mod R see 3, 21 .
w x Ž Ž ..Usually we identify the isomorphism class X in G mod R with the
indecomposable module X.
Throughout we assume that F and G are division rings and M is aF G
Ž .non-zero F-G-bimodule. We recall that the matrix ring R 1.1 isM
Ž .hereditary and the modules X in mod R can be identified with triplesM
Ž X Y . X YX s X , X , c , where X , X are finite dimensional vector spaces overF G F G
F and G, respectively, and c : X 9 m M “ X Y is a G-linear map. WeF G G
Ž X Y . Ž X Y .shall write X , X instead of X , X , c , if the choice of c is anF G F G
Ž X Y . 2obvious one. The vector dim X s dim X , dim X g N is called theF G
dimension-¤ector of the module X.
w xFollowing 14 , given an F-G-bimodule N we define its left dimensionF G
Ž . Ž .and its right dimension to be the integer l.dim N s dim N and r.dim NF
s dim N , respectively. We also define the right dualization and the leftG
r Ž .dualization of N to be the G-F-bimodule N* s Hom N , G andF G G F G
U l Ž .N s Hom N , F , respectively. To any bimodule M we associate aF F G F G
sequence of iterated right dualizations of M by setting M Ž0. s M andF G
Ž j. Ž Ž jq1.. rM s M * for j F y1. The sequence of iterated left dualizations
Ž j. Ž Ž jy1.. lof M is defined by the formula M s M * for j G 1. We also setF G
F M Ž2 j. G M Ž2 jq1.M Ž j.d s r.dim M , R s , R sŽ .j 2 j 2 jq1ž / ž /0 G 0 F
2.1Ž .
w xfor any j g Z. It follows from 6, 14, 20, Sect. 1, 22, Lemma 3.1 that if the
number d M is finite for any j F m, m G 0, then there exists an infinitej
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sequence of reflection functors
S q qSyj y1
??? ¡ mod R ¡ mod R ¡ ??? ¡ mod R ¡ mod RŽ . Ž .Ž . Ž .yj yjq1 y1 My yS Syj y1
S q S q0 my1¡ mod R ¡ ??? ¡ mod R ¡ mod R . 2.2Ž . Ž . Ž . Ž .1 my1 my yS S0 my1
w xBy applying 6, 14, 20, Sect. 1, 22, Lemma 3.1 we get the following
result.
LEMMA 2.3. Under the assumption and notation abo¤e the sequence of
Ž .functors 2.2 has the following properties.
Ž .r0 For any j F m y 1 the ring R is both left and right artinian andj
hereditary. The functor S y is left adjoint to S q.j j
Ž . Ž .r1 If X is an indecomposable module in mod R such thatjq1
y Ž .S X / 0 and Y is an indecomposable module in mod R such thatj j
S qY / 0, then S yX and S qY are indecomposable, S qS yX ( X,j j j j j
S yS qY ( Y, andj j
dim S qY s s Mq dim Y and dim S yX s s My dim X 2.4Ž . Ž . Ž .j d j dyj y j
for any j F m y 1, where s Mq , s My : Z2 “ Z2 are group automorphisms de-d dj j
fined by the formulae
s Mq x , y s d M x y y , x , s My x , y s y , d M y y x . 2.5Ž . Ž . Ž .Ž . Ž .d j d jyj y j
Ž . Ž q. Ž q. Ž y. Ž y. wr2 See the properties c ] c and c ] c stated in 22, Lemma1 3 1 3
x3.1 .
We recall that a module X over a hereditary ring R is said to be
Ž .preprojecti¤e resp. preinjecti¤e if the number of non-isomorphic indecom-
Ž . Ž Ž . .posable modules Y such that Hom Y, X / 0 resp. Hom X, Y / 0 isR R
Ž w x.finite see 3, 21 .
PROPOSITION 2.6. Assume that F and G are di¤ision rings and M is aF G
M Ž .non-zero F-G-bimodule such that the number d 2.1 is finite for any j F m,j
where m G 0.
Ž . Ž .a There exists the sequence 2.2 of reflection functors with the proper-
Ž . Ž . Ž .ties r0 , r1 , and r2 abo¤e.
Ž . ŽThe ring R s R 1.1 is right pure semisimple resp. of finite representa-0 M
.tion type if and only if for any j F m, the ring R is right pure semisimplej
Ž .resp. of finite representation type .
DANIEL SIMSON676
Ž . Ž .b An indecomposable module X in mod R is preinjecti¤e if andM
Ž0. Ž .only if either X ( Q s F, 0 , or there exists s G 0 such that X is isomor-0
phic with
QŽ0. [ S q S q ??? S q QŽys. , 2.7Ž .s y1 y2 ys 0
Ž s. Ž .where Q is a unique up to isomorphism simple injecti¤e module in0
Ž . Ž .mod R . The indecomposable preinjecti¤e modules in mod R form as M
Ž Ž ..connected component Q of G mod R of the formM M
??? QŽ0. ----- QŽ0. ??? QŽ0. ----- QŽ0. ----- QŽ0.2 sq2 2 s 4 2 0
??? p o p o ??? p o p o pQ : 2.8Ž .M
Ž0. Ž0. Ž0.??? ----- Q ----- ??? ----- Q ----- Q2 sq1 3 1
Ž . M Ž Ž ..c Assume in addition that d s ‘ see 2.1 and for any inde-mq 1
Ž .composable nonprojecti¤e module Z in mod R there exists an almost splitM
Ž .sequence 0 “ X “ Y “ Z “ 0 in mod R .M
Ž .An indecomposable module X in mod R is preprojecti¤e if and only ifM
Ž0. Ž .either X is isomorphic with one of the projecti¤e modules P s 0, G ,0
Ž0. Ž .  4P s F, M , or there exists t g 1, . . . , m such that X is isomorphic with1 G
P Ž0. [ S yS y ??? S y P Ž t . , 2.9Ž .tq1 0 1 ty1 1
Ž t . Ž .where P is a unique up to isomorphism non-simple projecti¤e module in1
Ž . Ž .mod R . The indecomposable preprojecti¤e modules in mod R form at M
connected component P of the formM
P Ž0. ??? P Ž0. ----- P Ž0.1 my2 m
p o ??? p o p oP : orM
Ž0. Ž0. Ž0.P ----- ??? ----- P ----- P0 my1 mq1
2.10Ž .
Ž0. Ž0. Ž0.P ??? P ----- P1 my1 mq1
p o ??? p o pP :M
Ž0. Ž0.P ----- ??? ----- P0 m
Ž .in the Auslander]Reiten qui¤er of mod R , if m G 0 is odd or e¤en,M
respecti¤ely.
Ž . Ž .d If X and Y are indecomposable modules in mod R and dim XM
s dim QŽ0., dim Y s dim P Ž0. then X ( QŽ0., Y ( P Ž0..s t s t
Ž . w xProof. a Apply Lemma 2.3 and 22, Lemma 3.1 , and use the same
w x w xtype of arguments as in 5, 6, 20 and in the proof of Proposition 3.2 of 22 .
Ž . Ž t .b Let Q be an injective envelope of a unique simple projective1
Ž . Ž t . Ž t .module in mod R . Note that the injective modules Q and Q aret 0 1
preinjective, because the ring R is hereditary. It is easy to check byj
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Ž . Ž0.applying the reflection functors 2.2 that the modules Q are preinjectivet
for all t G 2.
Assume that X is an indecomposable preinjective R -module, which isM
not simple injective. Since QŽ0. is simple injective then there is a non-zero0
non-bijective epimorphism f : X “ QŽ0.. Let Y , . . . , Y s QŽ0. be the set of0 1 r 0
representatives of isoclasses of the indecomposable modules Y such that
Ž .Hom X, Y / 0. The ring R is right artinian and therefore the endo-R MM
morphism ring of Y [ ??? [ Y is semiprimary. Hence we conclude as in1 r
w x Ž .the proof of 21, Theorem 11.9 that f g End Y [ ??? [ Y is a sum of1 r
compositions of irreducible homomorphisms. Consequently, there is a
chain X s X “ X “ ??? “ X “ QŽ0. of irreducible homomor-r ry1 1 0
phisms, where r G 1. One proves by induction on r G 1 that X is isomor-
phic to a module of the form QŽ0., where t G 1. In case r s 1 the modulet
X is injective, because by standard Auslander]Reiten theory arguments
w xapplied in 20, Lemma 1.3, 21, Proposition 11.13 there exists an almost
split sequence
d My2Ž0. Ž0. Ž0.0 “ Q “ Q “ Q “ 0Ž .2 1 0
Ž . Ž0.in mod R . Since there is an irreducible homomorphism X “ Q , thenM 0
X ( QŽ0.. The general case r G 2 reduces to the above one by applying the1
Ž .reflection functors 2.2 . The shape of the preinjective component Q is aM
Ž .consequence of the first part of the Corollary 2.11 c below.
Ž .c The fact that all indecomposable preprojective R -modules haveM
Ž .the form required in c can be proved by applying the arguments we have
Ž .used in the proof of b . The details are left to the reader.
Ž j. Ž .Let P be a unique simple projective module in mod R . Note that0 j
the natural embedding P Ž j. “ P Ž j. is an irreducible homomorphism for0 1
w x Ž j.every j and by 20, Lemma 1.3 there is an almost split sequence 0 “ P0
Ž Ž j..d jq 1M Ž j. Ž . Ž t .“ P “ P “ 0 in mod R for j F m y 1. It is clear that P s1 2 j 1
S yP Ž tq1., if t F m y 1.t 0
w xIn view of 22, Lemma 3.1 , it is easy to see that the composed functor
y y y Ž j. Ž Ž j..d jq 1MS S ??? S carries the almost split sequence 0 “ P “ P “0 1 jy1 0 1
Ž j. Ž0. Ž Ž0. .d jq 1M Ž0.P “ 0 to the almost split sequence 0 “ P “ P “ P “ 0.2 t tq1 tq2
Ž .Hence we conclude that the modules shown in 2.9 belong to P . InM
order to finish the proof that the component P containing the projectiveM
Ž0. Ž . Ž0. Ž .R -modules P s 0, G and P s F, M has the form shown inM 0 1 G
Ž .2.10 it is sufficient to show that there is no irreducible homomorphism
Ž0. Ž .P “ X in mod R .mq 1 M
Assume to the contrary that there is an irreducible homomorphism f :
Ž0. Ž . Ž0. y y y Žm. Žm.P “ X in mod R . Since P s S S ??? S P , then P smq 1 M mq1 0 1 my1 1 1
S q ??? S qS qP Ž0. . Note also that Z s S q ??? S qS qX / 0, becausemy 1 1 0 mq1 my1 1 0
otherwise Z9 s S q ??? S qS qX is simple projective for some t F m y 2,t 1 0
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q q qŽ . Žm.the homomorphism S ??? S S f is bijective, and therefore P st 1 0 1
S q ??? S qS qP Ž0. ( S q ??? S q Z9 is zero, a contradiction.my 1 1 0 mq1 my1 tq1
Since the ring R is hereditary, the module Z is not projective andm
according to our assumption there exists an almost split sequence 0 “ Z2
Ž . Žm.“ Z “ Z “ 0 in mod R and P is a direct summand of Z , because1 m 1 1
q q qŽ . Žm.by Lemma 2.3 the homomorphism g s S ??? S S f : P “ Z ismy 1 1 0 1
Ž .an irreducible homomorphism in mod R . Thus there is an irreduciblem
homomorphism Z “ P Žm.. Since the Jacobson radical of P Žm. is a direct2 1 1
sum of copies of P Žm., then Z ( P Žm. and we get a contradiction, because0 2 0
M w xd s ‘ and by 20, Corollary 1.4 there is no almost split sequence ofmq 1
Žm. Ž .the form 0 “ P “ H “ L “ 0 in mod R . This finishes the proof of0 m
Ž .c .
We say that a module X is of finite endo-length if X is of finite length
Ž .when viewed as a left module over its endomorphism ring End X .
COROLLARY 2.11. Assume that F and G are di¤ision rings and M is aF G
M Ž .non-zero F-G-bimodule such that the number d 2.1 is finite for any j F m,j
where m G 0. Let R , P Ž0., and QŽ0. be as in Proposition 2.6, and let R bej t s M
Ž .the ring 1.1 .
Ž . Ž Ž0. Ž0.. Ž Ž0. Ž0..a Hom Q , Q s 0 for all i - j, Hom P , P s 0 for allR i j R r tM M
Ž Ž0. Ž0..r ) t, Hom Q , P s 0 for all r, t G 0, and there exist ring isomor-R r tM
Ž Ž0.. Ž Ž0. . Ž Ž0.. Ž Ž0. .phisms End Q ( F, End Q ( G, End P ( G, End P ( F,2 s 2 sq1 2 t 2 tq1
for s G 0 and t G 0.
Ž .b There exist bimodule isomorphisms
Irr QŽ0. , QŽ0. s Hom QŽ0. , QŽ0. ( M Žyjy2. andŽ . Ž .j jy1 R j jy1M
Irr P Ž0. , P Ž0. s Hom P Ž0. , P Ž0. ( M Ž jy1.Ž . Ž .jy1 j R jy1 jM
Ž .for any integer j G 1, where Irr X, Y means the bimodule of irreducible
Ž w x.homomorphisms from X to Y see 21, 11.4 .
Ž . Ž .c For any j G 2 there exists an almost split sequence in mod R s0
Ž .mod RM
d My jŽ0. Ž0. Ž0.0 “ Q “ Q “ Q “ 0. 2.12Ž .Ž .j jy1 jy2
If j F m and the number d M s l.dim M Ž j. is finite then there exists anjq1
Ž . Ž .almost split sequence in mod R s mod R0 M
d Mjq1Ž0. Ž0. Ž0.0 “ P “ P “ P “ 0. 2.13Ž .Ž .j jq1 jq2
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If d M s l.dim M Žm. is infinite then there is no almost split sequence inmq 1
Ž . Ž0. Ž Ž0. Ž0. .mod R starting from P , and the bimodule Irr P , P of irreducibleM m m mq1
homomorphisms is of dimension d M s ‘, when ¤iewed as a ¤ector spacemq 1
Ž Ž0. .o¤er the di¤ision ring End P .mq 1
Ž . Ž0. Ž Ž0. . M Ž0. Ž Ž0.. Ž Ž0. . Md dim Q s dim Q d y dim Q and l Q s l Q dj jy1 yj jy2 j jy1 yj
Ž Ž0. . Ž .y l Q for all j G 2, where l X denotes the length of a module X.jy2
Ž . Ž0. Ž Ž0. . M Ž0. Ž Ž0. .e dim P s dim P d y dim P and l P sjq 2 jq 1 jq 1 j jq 2
Ž Ž0. . M Ž Ž0..l P d y l P for all j s 0, 1, . . . , m y 1, when m G 1.jq1 jq1 j
Ž . M Ž0.f If d s ‘ then the module P is of infinite endo-length.mq 1 mq1
Ž . Ž .Proof. a By the properties of the reflection functors 2.2 stated in
Ž .Lemma 2.3 the Hom part of a reduces to the case Q is injective and Pi t
is projective. But in this case the statements are obvious, because the rings
Ž .R are hereditary. The proof of the End part of a follows by applying them
Ž . wproperties of the reflection functors 2.2 stated in Lemma 2.3 and 22,
xLemma 3.1 , because it follows that there is a ring isomorphism
Ž y . Ž .End S X ( End X , if X is an indecomposable module such thatj
S yX / 0.j
Ž . Ž0. Ž . Ž0. Ž . Ž0.b Assume that j s 1. Note that P s 0, G , P s F, M , Q0 1 G 0
Ž . Ž0. Ž .s F, 0 , and the injective envelope Q s E P of P has the form1 R 0 0M
Ž Žy1. .M , G . Since the ring R is hereditary then there is no non-zeroM
homomorphism from P Ž0. to P Ž0. and QŽ0. to QŽ0. in the square of the1 0 0 1
Ž .Jacobson radical of the category mod R . Consequently, we get F-G-bi-M
module isomorphisms
Irr QŽ0. , QŽ0. s Hom QŽ0. , QŽ0. ( Hom M Žy1. , F ( M Žy2. andŽ .Ž . Ž .1 0 R 1 0 FM
Irr P Ž0. , P Ž0. s Hom P Ž0. , P Ž0. ( M ( M Ž0. .Ž . Ž .0 1 R 0 1 F G F GM
Ž .This proves b in case j s 1. Assume now that j G 2. Then the modules
Ž0. Ž0. Ž . Ž0. y yP and P are not simple projective and 2.9 yields P s S S ???j jq1 j 0 1
S y P Ž j. and P Ž0. s S yS y ??? S y P Ž j.. By Lemma 2.3, Proposition 2.6,jy1 0 jq1 0 1 jy1 1
w x q22, Lemma 3.1 , and by applying the reflection functors S ,jy1
S q , . . . , Sq we derive the bimodule isomorphismsjy2 0
Irr P Ž0. , P Ž0. ( Irr S y ??? S y P Ž j. , S y ??? S y P Ž j.Ž . Ž .j jq1 1 jy1 0 1 jy1 1
( ??? ( Irr P Ž j. , P Ž j. ( M Ž j. .Ž .0 1
Ž .The remaining part of b follows in a similar way.
Ž . Ž .c In view of b , the existence of the required almost split se-
quences follows by standard Auslander]Reiten theory arguments applied
w xin 20, Lemma 1.3, 21, Proposition 11.13 . For the proof of the final
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Ž . Ž Ž0. Ž0. .statement of c we apply the bimodule isomorphism Irr P , P (m mq1
Žm. Ž Ž0. Ž0. . Žm. MŽ0.M . It follows that dim Irr P , P s l.dim M s d sEndŽP . m mq1 mq1mq 1
Ž .‘. This finishes the proof of c .
Ž . Ž . Ž .The statements d and e easily follow from c .
Ž . M Ž0.f Assume that d s ‘. Since P is a right R -module of finitemq 1 m M
length then there exists an epimorphism h: Rt “ P Ž0. of right R -mod-M m M
ules, where t is a positive integer. We derive a composed monomorphism
Irr P Ž0. , P Ž0.Ž .m mq1
h#
Ž0. Ž0. t Ž0. Ž0. Ž0.s Hom P , P “ Hom R , P ( P [ ??? [ PŽ . Ž .R m mq1 R M mq1 mq1 mq1M M
Ž Ž0. . Ž . Ž Ž0. Ž0. . MŽ0.of left End P -modules. By c , dim Irr P , P s d smq 1 EndŽP . m mq1 mq1mq 1
Ž0. Ž0.Ž .‘. It follows that the left End P -module P is of infinite length.mq 1 mq1
3. A DIAGRAMMATIC CLASSIFICATION OF
HEREDITARY RIGHT PURE
SEMISIMPLE RINGS
w xLet us recall from 5, Sect. 4 the following definition.
Ž .DEFINITION 3.1. Let R be a basic hereditary ring and let RrJ R ( F1
= ??? = F , where F , F , . . . , F are division rings. The Coxeter valuedn 1 2 n
Ž .diagram C , m of R is the valued quiver with vertices 1, 2, . . . , n corre-R
sponding to the division rings F , F , . . . , F . There exists a valued arrow1 2 nm i j 6i Ž .j in C , m if and only if the F -F -bimoduleR i j
2M s F J R rJ R FŽ . Ž .Ž .i j i j
is not zero and the ring
F Mi i j
0 Fž /j
Ž whas exactly m G 3 indecomposable modules up to isomorphism see 22,i j 6ix.Corollary 3.5 . We omit the number m over the arrows j if m s 3.i j i j
Note that we admit m to be an integer or the infinity. It is easy to seei j
Ž .that the valued quiver C , m is connected if and only if the ring R isR
connected.
Ž .Throughout this section we fix a ring decomposition RrJ R ( F1
= ??? = F as in 3.1 and a right R-module decompositionn
R s P [ ??? [ P , 3.2Ž .R 1 n
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where P , . . . , P are indecomposable right ideals of R such that1 n
Ž .P rP J R ( F for j s 1, . . . , n.j j j
The following lemma will be useful.
LEMMA 3.3. Assume that R is a connected basic hereditary ring.
Ž . Ž .a If R is right artinian then the Coxeter ¤alued diagram C , mR
associated with R is connected and has no oriented cycle.
m i j 6iŽ .b If R is right pure semisimple then for e¤ery ¤alued arrow j of
Ž . Ž .C , m the hereditary ring End P [ P is right pure semisimple and has theR i j
form
F Mi i j
R s .Mi j 0 Fž /j
i M j Ž .Moreo¤er, the F -F -bimodule M is simple and the number d 2.1 is finitei j i j m
for m s 0,y 1, y2, . . . .
m i j 6i Ž .Proof. Note that the existence of a valued arrow j in C , mR
Ž .implies the existence of division ring isomorphisms F ( End P , F (i i j
Ž . Ž . ŽEnd P and an F -F -bimodule isomorphism Hom P , P ( M seej i j R j i i j
w x.20 .
Ž . Ž .a Assume to the contrary that C , m has an oriented cycle. SinceR
R is hereditary then in view of the observation above there exists a
sequence of monomorphisms P ¤ P ¤ ??? ¤ P ¤ P which are notj j j j1 2 s 1
surjective. This is a contradiction, because the right ideal P is of finitej1
length.
m i j 6iŽ . Ž .b Assume that there exists a valued arrow j of C , m . SinceR
Ž .there is an F -F -bimodule isomorphism Hom P , P ( M , then thei j R j i i j
Ž .assumption M / 0 yields Hom P , P s 0. It follows that the ringi j R i j
Ž .End P [ P is isomorphic to a ring of the form R . The right purei j Mi j
semisimplicity of R is a consequence of a full and faithful embeddingMi j
Ž . Ž Ž .. Ž . Ž w x.mod R ( mod End P [ P “ mod R see 21, Theorem 17.46 . TheM i ji j
Ž . w Ž .xremaining part of b is a consequence of 22, Proposition 3.2 a .
A crucial step in our classification of hereditary right pure semisimple
w xrings is the following result based on 5, 20, Theorem 3.1 .
THEOREM 3.4. Assume that R is a connected basic hereditary right pure
semisimple ring. The following conditions are equi¤alent.
Ž .a The ring R is of finite representation type.
Ž . Ž .b The Coxeter ¤alued diagram C , m associated with R abo¤e is oneR
Ž .of the Coxeter]Dynkin diagrams A , B s C , D , E , E , E , F , G , H ,n n n n 6 7 8 4 2 3
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Ž .H , I p with p G 5, p / 6, which classify the irreducible Coxeter groups4 2
Ž .see Table 3.7 below .
Ž . Ž .c For e¤ery pair P \ P of indecomposable summands of R in 3.2i j
there is a ring isomorphism
F Mi i j
End P [ P ( s RŽ .i j Mi j0 Fž /j
and the ring R is of finite representation type.Mi j
Ž .d The number m is finite for all i / j.i j
Ž . i M j Ž .e For e¤ery pair i, j g C the numbers d s dim M ,R 0 i j Fj
i M j i M j Ž Ž ..d , . . . , d , . . . see 2.1 are finite.1 m
Ž . Ž . w xProof. The equivalence a m b was proved in 5 , whereas the impli-
Ž . Ž .cation b « c is a consequence of Lemma 3.3 and a fully faithful
Ž . Ž Ž .. Ž . Ž wembedding functor mod R ( mod End P [ P “ mod R see 21,M i ji jx. Ž . Ž .Theorem 17.46 . The implication c « d is obvious, because there exist
Ž . Ž .division ring isomorphisms F ( End P , F ( End P , and an F -F -bi-i i j j i j
Ž .module isomorphism Hom P , P ( M .R j i i j
Ž . Ž .d « e Assume that the number m is finite. This means that thei j
hereditary ring
F Mi i j
R sMi j 0 Fž /j
w xis of finite representation type and according to 6, 22, Theorem 3.4 the
numbers di M j, di Mj, . . . , di M j, . . . are finite. Moreover the sequence0 1 m
di M j, di M j, . . . , di M j, . . . is periodic.0 1 m
Ž . Ž . Ž . Ž .e « a By the condition e the species M s F , M of RR i i j i, jg CR
Ž w x. wsee 20 has the right finite dimensional property in the sense of 20, p.
x w301 . Since R is right pure semisimple then according to 20, Proposition
Ž .x Ž .2.4 e there exists an equivalence of the category Mod R with the
Ž . Ž w x.category Rep M of all representations of the species M see 20 . ItR R
w xfollows from 20, Theorem 3.1 that the right pure semisimple category
Ž . Ž .Mod R ( Rep M is of finite representation type. This finishes theR
Ž . Ž .proof of the implication d « e and completes the proof of the theorem.
The following two corollaries are a consequence of Theorem 3.4.
COROLLARY 3.5. Let R be a connected basic hereditary artinian ring. If
Ž .the Coxeter ¤alued diagram C , m of R in the sense of Definition 3.1 is not aR
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TABLE 3.7
Coxeter]Dynkin Diagrams
Ž .v v v vA : n vertices, n G 1 ;???n
4 Ž .v v v vB : n vertices, n G 2 ;???n
v
Ž .v v v v vD : n vertices, n G 4 ;???n
v
v v v v vE : ;6
v
v v v v v vE : ;7
v
v v v v v v vE : ;8
4
v v v vF : ;4
6
v vG : ;2
5
v v vH : ;3
5
v v v vH : ;4
mŽ . Ž .v vI m : ; m s 5 or, 7 F m - ‘ .2
Coxeter]Dynkin diagram of Table 3.7 and the number m is finite for alli j
i, j g C then the ring R is not right pure semisimple.R
COROLLARY 3.6. Let R be a connected basic hereditary right pure
semisimple ring. Then either the ring R is of finite representation type and the
Ž .Coxeter ¤alued diagram C , m of R is one of the Coxeter]Dynkin diagramsR
Ž . Ž .A , B s C , D , E , E , E , F , G , H , H , I p with p G 5, p / 6, ofn n n n 6 7 8 4 2 3 4 2
Ž .Table 3.7 with any orientation , or else R is of infinite representation type and
‘
v vŽ .the Coxeter ¤alued diagram C , m contains the arrow “ .R
4. A CONSTRUCTION OF A CLASS OF POTENTIAL
COUNTER-EXAMPLES
w xFollowing 22 , to any F-G-bimodule M for which there exists anF G
integer m G 0 such that
d M s r.dim M Ž j. 4.1Ž .j
is a finite number of all j F m and d M s r.dim M Žmq1. s ‘ we associ-mq 1
ate the infinite dimension-sequence
d M s . . . , d M , . . . , d M , d M , d M , ‘ , 4.2Ž . Ž . Ž . Ž . Ž . Ž .Ž .y‘ F G yj y2 y1 0
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Ž . M Žm. Ž . M Žmyj.where d M s d s r.dim M and d M s d s r.dim M for0 m j myj
all j G 1. The number m is called the iterated dimension height of M andF G
Ž .is denoted by ht M .F G
Our idea is to study the indecomposable modules over any right pure
semisimple ring of the form R in terms of the infinite dimension-se-M
Ž .quence d M .y‘ F G
w xFor this purpose we recall from 5 that the set
D s D j D j ??? j D j ??? 4.3Ž .2 3 m
Ž .of dimension-sequences d s d , . . . , d , m G 2, is defined inductively to1 m
be the minimal set satisfying the following two conditions:
Ž . Ž .4 Ž .4i D s 0, 0 and D s 1, 1, 1 .2 3
Ž .ii If the set D is defined we define D to be the set of allm mq1
sequences of the form
j d s d , . . . , d , d q 1, 1, d q 1, d , . . . , d ,Ž . Ž .iq1 1 iy1 i iq1 iq2 m
Ž .where d s d , . . . , d g D and i s 1, . . . , m y 1.1 m m
We note that for each m the set D of dimension-sequences of lengthm
m is closed under the action of cyclic permutations.
w x Ž .We recall from 22 that a sequence d , . . . , d is said to be a simple1 m
restriction of a dimension-sequence if it is obtained from a dimension-se-
quence in D by omitting the last coordinate.
Note that the set D k of simple restriction of dimension-sequences
Ž . Ž . Ž .contains the following sequences and their reversions: 0 , 1, 1 , 1, 2, 1 ,
Ž . Ž . Ž . Ž .2, 1, 2 , 1, 2, 2, 1 , 2, 2, 1, 3 , 2, 1, 3, 1 .
w xIt was shown in 23, Proposition 3.1 that in case the ring R is rightM
pure semisimple and representation-infinite there exists an integer m G 0
such that
Ž . M Ma d s ‘ and d - ‘ for all j F m, andmq 1 j
Ž . Ž Mb for all natural numbers s F m and t G 2 the sequence d ,sy t
M M M .d , . . . , d , d is not a simple restriction of a dimension-sequence.sy tq1 sy1 s
w x Ž .It follows from 23, Lemma 3.3 that the sequence . . . , 2, 2, . . . , 2, 2, 1, ‘
Ž . Ž . Ž .is in some sense a minimal sequence satisfying the conditions a and b .
w x Ž .Moreover, by 23, Theorem 3.5 , the hereditary ring R 1.1 is right pureM
Ž . Žsemisimple and representation-infinite if d M s . . . , 2,y ‘ F G
.2, . . . , 2, 2, 1, ‘ .
Following these facts we were looking for a relatively large set DS ofp ss
Ž .infinite sequences ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ of positiveym ymq1 y2 y1 0
Ž .integers such that the relation d M g DS would imply that they‘ F G p ss
Ž .ring R 1.1 is right pure semisimple and of infinite representation type.M
The above observations together with our experimental examples and
Žintuitive ideas related with a generalized bimodule Artin’s problem see
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w x.22, Sect. 5, 24, Sects. 2.3 and 3.2 suggest that the following definition
should be of importance for a construction of a class of representation-in-
finite right pure semisimple rings by means of special division ring exten-
sions.
DEFINITION 4.4. The set of pure semisimple infinite dimension-sequences
is the set
DS s DS Ž1. j DS Ž2. ,p ss p ss p ss
where the sets DS Ž1. and DS Ž2. are defined as follows.p ss p ss
The set DS Ž1. is a minimal set of infinite sequencesp ss
¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ ,Ž .ym ymq1 y2 y1 0
with ¤ g N non-zero for any j g N, satisfying the following two condi-yj
tions:
Ž . Ž . Ž1.i v s . . . , 2, 2, . . . , 2, 2, 1, ‘ g DS ;p ss
Ž . Ž . Ž1.ii if ¤ s . . . , ¤ , . . . , ¤ , ¤ , ‘ is a sequence in DS then allym y1 0 p ss
sequences of the form
j ¤Ž .ym
s . . . , ¤ , 1 q ¤ , 1, 1 q ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘Ž .ym y1 ym ymq1 ymq2 y2 y1 0
4.5Ž .
belong to DS Ž1., for all m G 1.p ss
Ž .Given a dimension-sequence u s . . . , u , u , . . . , u , u , u , ‘yj yjq1 y2 y1 0
Ž1. Ž .in DS we define the depth of u to be the minimal integer l u G 0p ss
Ž .such that u s 2 for all j G 1 q l u .yj
Ž . Ž2.A sequence ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ belongs to DSym ymy1 y2 y1 0 p ss
if there exists a sequence of positive integers j , j , . . . , j , . . . such that1 2 s
Ž .  4a for every m the set s g N; j s m is finite,s
Ž . Ž . Ž s.b lim j j ??? j v s ¤ , where lim w s w meanss“‘ yj yj yj s“‘s sy1 1
that there exists a sequence 0 - r - r - ??? - r - ??? of positive inte-1 2 s
gers such that w Ž s. s w , w Ž s. s w , . . . , w Ž s. s w ,0 0 y1 y1 yr yrs s
Ž .c for every integer s G 0 there exists an integer r ) s such thats
j G 1 q l j j ??? j v .Ž .ž /r yj yj yjs r y1 r y2 1s s
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The sequences ¤ from DS Ž1. and DS Ž2. will be called infinite dimen-p ss p ss
sion-sequences of the first kind and of the second kind, respectively. The
sequence
v s . . . , 2, 2, . . . , 2, 2, 1, ‘ 4.6Ž . Ž .
will be called a principal infinite dimension-sequence.
Note that the set DS Ž1. is constructed from the principal sequence vp ss
in a similar way as the set D of dimension-sequences was constructed in
w x Ž .5 starting from the trivial dimension-sequence 1, 1, 1 . In particular each
Ž . Žof the countably many sequences . . . , 2, 2, . . . , 2, 2, 3, 1, 2, ‘ , . . . , 2, 2,
. Ž .. . . , 2, 2, 3, 1, 4, 1, 2, ‘ , . . . , 2, 2, . . . , 2, 2, 3, 2, 1, 5, 1, 2, ‘ , . . . belongs to
DS Ž1..p ss
The set DS Ž2. is constructed from the principal sequence v byp ss
applying infinitely many operations j , . . . , j , . . . with the fast growthyj yj1 s
Ž . Ž .of the sequence j , . . . , j , . . . described by the properties a and c in1 s
Definition 4.4.
Ž .Note that for every j G 1 the formula 4.5 defines the operators
j : DS Ž1. “ DS Ž1. and j : DS Ž2. “ DS Ž2. .yj p ss p ss yj p ss p ss
w xIn view of 23, Lemma 3.3 and the remarks above the following lemma
is an immediate consequence of the construction of DS .p ss
Ž .LEMMA 4.7. Let ¤ s . . . , ¤ , . . . , ¤ , ¤ , ‘ , where 1 F ¤ g N forym y1 0 ym
m G 1.
Ž . Ž1.a If ¤ g DS thenp ss
Ž . Ž .  4a1 the set U ¤ s s g N; ¤ s 1 is finite and non-empty,ys
and
Ž . Ža2 there exists m G 1 such that the finite sequence ¤ y0 ym
.1, ¤ , . . . , ¤ , ¤ is a simple restriction of a dimension-sequence for allym q1 y1 0
m G m .0
Ž . Ž .b The sequence v s . . . , 2, 2, . . . , 2, 2, 1, ‘ is a unique minimal
element in the set DS Ž1. with respect to the lexicographical order.p ss
Ž . Ž2. Ž .  4c If ¤ g DS then the set U ¤ s s g N; ¤ s 1 is infinite.p ss ys
Ž .d If ¤ g DS then for e¤ery pair m ) s G 0 the sequencep ss
Ž .¤ , ¤ , . . . , ¤ is not a simple restriction of a dimension-sequence.ym ymq1 ys
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Ž . ŽEXAMPLES 4.8. a The sequence ¤ s . . . , 1, 4, 1, 4, . . . ,
. Ž2.1, 4, 1, 4, 2, 2, 2, 1, 5, ‘ belongs to DS . To see this we set j s j s j sp ss 1 2 3
j s 1 and j s 6, j s 8, j s 10, j s 12, j s 14, and so on. Then4 5 6 7 8 9
j j j j vŽ .yj yj yj yj4 3 2 1
s . . . , 2, 2, 2, 2, 2, 2, 2, 2, . . . , 2, 2, 2, 3, 2, 2, 2, 1, 5, ‘Ž .
j j j j j vŽ .yj yj yj yj yj5 4 3 2 1
s . . . , 2, 2, 2, 2, 2, 2, 2, 2, . . . , 2, 3, 1, 4, 2, 2, 2, 1, 5, ‘Ž .
j j j j j j vŽ .yj yj yj yj yj yj6 5 4 3 2 1
s . . . , 2, 2, 2, 2, 2, 2, . . . , 2, 3, 1, 4, 1, 4, 2, 2, 2, 1, 5, ‘Ž .
j j j j j j j vŽ .yj yj yj yj yj yj yj7 6 5 4 3 2 1
s . . . , 2, 2, 2, 2, . . . , 2, 3, 1, 4, 1, 4, 1, 4, 2, 2, 2, 1, 5, ‘Ž .
j j j j j j j j vŽ .yj yj yj yj yj yj yj yj8 7 6 5 4 3 2 1
s . . . , 2, 2, . . . , 2, 3, 1, 4, 1, 4, 1, 4, 1, 4, 2, 2, 2, 1, 5, ‘Ž .
. . .. . .. . .
Ž .It follows that ¤ s lim j j ??? j v and obviously the condi-s“‘ yj yj yjs sy1 1
Ž . Ž . Ž .tions a , b , and c of Definition 4.4 are satisfied.
Ž .b The sequence
w s . . . , y , y , . . . , y , y , 4, 1, 2, 4, 2, 1, 4, 2, 2, 2, 1, ‘Ž .ym y1 ym y5 y4
belongs to DS Ž2., where y s 3, 4, 1, 2, 2, 4 and y is the sequencep ss y4 ym
3, m, 1, 2, . . . , 2, 4 of length m q 2, for m G 5. To see that w belongs to
DS Ž2. we note thatp ss
ˆ ˆ ˆ ˆ 2w s lim j j ??? j j j j j v ,Ž .ys ysq1 y5 y4 y9 y8 y5
s“‘
ˆ 2 ˆ 2 ˆwhere j s j j j , j s j j j j , j sy 4 y 14 y 13 y 12 y 5 y 21 y 20 y 19 y 18 y 6
2 ˆ 2j j j j j , j s j j j j j j , and so on.y29 y28 y27 y26 y25 y7 y38 y37 y36 y35 y34 y33
The reader can easily produce countably many sequences of the set
DS Ž2..p ss
Ž . Ž .c The sequence w s . . . , 1, 4, 1, 4, . . . , 1, 4, 1, 4, 1, 4, 1, 3, ‘ does
not belong to DS , whereasp ss
w s lim j j ??? j vŽ .yj yj yjs sy1 1s“‘
s lim j2 j2 ??? j2 j2 j2 v ,Ž .y2 sy1 y2 sq1 y5 y3 y1
s“‘
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where j s j s 1, j s j s 3, j s j s 5, . . . , j s j s 2 s y 1, . . . ,1 2 3 4 5 6 2 sy1 2 s
and the sequence
j2 j2 ??? j2 j2 vŽ .y2 sy1 y2 sq1 y3 y1
s . . . , 2, 2, 2, 2 s q 1, 2, 1, 4, 1, 4, 1, 4, . . . , 1, 4, 1, 4, 1, 3, ‘Ž .
has s q 1 coordinates equal to 1. Note that the sequence j s j s 1,1 2
j s j s 3, j s j s 5, . . . , j s j s 2 s y 1, . . . does not satisfy the3 4 5 6 2 sy1 2 s
Ž . Ž . Ž .condition c of Definition 4.4, and it does the conditions a and b .
Ž1. Ž . To see that w does not belong to DS we note that the set U ¤ s sp ss
4 Ž .g N; ¤ s 1 is infinite; then apply Lemma 4.7 a1 . The sequence w doesys
not belong to DS Ž2., because of Lemma 4.14. One also notes that w isp ss
w 0y1 Ž . 2 Ž . Ž2.not of the form w s j u s j u , where u g DS . On the othery1 y1 p ss
hand a simple calculation shows that for any sequence ¤ g DS Ž2. withp ss
Ž2. ¤ 0y1 Ž .¤ G 2 there exists u g DS such that ¤ s j u .0 p ss y1
LEMMA 4.9. The cardinality of the set DS Ž2. is the continuum c s 2/ 0.p ss
Proof. Since the cardinality of DS Ž2. is obviously F c s 2/ 0 it isp ss
 4N Ž2.sufficient to find an injective map y: 0, 1 “ DS . We define y byp ss
Ž .  4attaching to any sequence « s « , « , . . . , « , . . . with « g 0, 1 the1 2 s s
sequence
y « s . . . , y « , y « , . . . , y « , y « , 3, 1, 2, ‘ ,Ž . Ž . Ž . Ž . Ž .Ž .ys ysq1 y3 y2
Ž . Ž .where y « is the sequence 3, 1, 3, if « s 0, and y « is theys sy1 ys
sequence 3, 1, 3, 2 if « s 1. If « / « 9, then there is s G 1 such thatsy1
X X Ž . Ž .« / « and « s « for all j - s. It follows that y « s y « 9 for alls s j j yj yj
Ž . Ž . Ž . Ž .j - s q 1 and y « / y « 9 . Consequently y « / y « 9 and theysy1 ysy1
map y is injective.
Ž . Ž2.It remains to show that the sequence y « belongs to the set DS .p ss
For this purpose consider the infinite sequence j - j - j ??? defined by1 2 3
formulas j s 1, j s 4 q « and j s 1 q 3s q « q ??? q« for s G 1.1 2 1 sq1 1 s
Note that
j j ??? j j vŽ .yj yj yj yjs sq1 2 1
s ??? 2, 2, 2, y « , y « , . . . , y « , 3, 1, 2, ‘Ž . Ž . Ž .Ž .ys ysq1 y2
Ž . Ž .and therefore y « s lim j j ??? j j v . It follows thats“‘ yj yj yj yjs sq1 2 1
l j j ??? j j v s 3s q « q ??? q« - jŽ .Ž .yj yj yj yj 1 sy1 sq1s sq1 2 1
Ž . Ž .and therefore the conditions a ] c of Definition 4.4 are satisfied. This
Ž2.Ž .shows that y « g DS and finishes the proof.p ss
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In the proof of our main result the following five lemmas are of
importance.
Ž . Ž1. Ž1.LEMMA 4.10. a If d G 2 is an integer and j : DS “ DS isy1 p ss p ss
Ž .the operator defined by the formula 4.5 then
j dy1 . . . , 2, 2, . . . , 2, 2, 1, ‘Ž .y1
. . . , 2, . . . , 2, 2, 2, . . . , 2, 3, 1, 2, ‘ , for d s 2,Ž .
s ½ . . . , 2, . . . , 2, 3, w , . . . , w , 1, d, ‘ , for d G 3Ž .ydq1 y2
where w s 2, . . . , w s 2.y2 ydq1
Ž . dy1Ž .b Let w s j . . . , 2, 2, . . . , 2, 2, 1, ‘ be the ¤ector abo¤e with d Gy1
Ž . 21, and gi¤en x, y g Z and j G 1 we set
tyd dy2y y y yx w , y w s s s s s x , y ,Ž . Ž . Ž .Ž . Ž .Ž .t t 2 3 2 1
where sy: Z2 “ Z2 with l g Z is the group automorphism defined by thel
yŽ . Ž .formula s x, y s y, l y y x . Then for any t G d the following equalityl
Ž . Ž . Ž . Ž .holds: x w y y w s x w y x w s dx y y.t t t tq1
Ž .Proof. The statement a follows by a straightforward calculation.
Ž . yŽ y. dy2 yb By applying the definition of s s s a direct calculation3 2 1
Ž . Ž . Ž . Ž .shows that the equality x w y y w s x w y x w holds for all tt t t tq1
Ž . Ž . Ž . Ž . .and x w s y y d y 1 x, y w s 2 y y 2 d y 1 x . It follows thatd d
Ž . Ž . yx w y y w s dx y y. Since under the operation of s on a vector thed d 2
difference of its coordinates remains unchanged, the lemma is proved.
LEMMA 4.11. Let j : DS Ž1. “ DS Ž1., j G 1, be the operator definedyj p s s p ss
Ž .by the formula 4.5 .
Ž .a The equality j j s j j holds for all s - t.ys yt yty1 ys
Ž . Ž .b If u s . . . , u , u , . . . , u , u , u , ‘ is a dimension-se-yj yjq1 y2 y1 0
Ž1. Ž . Ž .quence in DS , l u is the depth of u, j G 1, and w s j u thenp ss yj
l u q 1, if j F l u ,Ž . Ž .
Ž . Ž .b1 l w s ½ j q 1, if j G l u q 1, andŽ .
Ž . y y y y y 2 2b2 s s s s s for all t G 1, where s : Z “ Z ,¤ ¤ w w lyt y1 y t y t y tq1 yŽ . Žwith l g Z, is the group automorphism defined by the formula s x, y s y,l
.l y y x .
Ž . Ž .Proof. The statements a and b1 follow by a straightforward applica-
Ž .tion of definitions. The formula b2 follows from the equalities w s u ,0 0
w s 1 q u , w s 1, w s 1 q u by an easy calculation.yty1 yt yt ytq1 ytq1
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LEMMA 4.12. Let s F i F i F ??? F i , r G 1, and t G s q 1 G 2 be1 2 r
integers such that i F t, i F t q 1, . . . , i F t q r. Gi¤en a sequence u s1 2 r
Ž .u , u , . . . , u , u of positi¤e integers we setyt ytq1 ys ysq1
u9 s j j ??? j u s uX , uX , . . . , uX , uX ,Ž . Ž .yi yi yi ytyr ytyrq1 ys ysq1r ry1 1
Ž .where the operators j , j , . . . , j are defined by the formula 4.5 .yi yi yir ry1 1
Ž . X Ž . Ž .a u s u q l s , where l s G 0 is the minimal integer suchysq1 ysq1
Ž .that i s i s ??? s i s s and i G 1 q s; and l s s 0 if i G 1 q s.1 2 lŽ s. lŽ s.q1 1
Ž .b For any l G 0 the following two equalities hold:
Ž . Ž .b1 j j ??? j u q l, u , . . . , u , u s u9 qyi yi yi yt ytq1 ys ysq1r ry1 1
Ž .l, 0, 0, . . . , 0 ,
Ž . y y y y y y y yX X Xb2 s s ??? s s s s s ??? s s .lqu u u9 u lqu u u uyt y r y ty rq1 ys ysq1 y t y ty1 ys ysq1
Proof. First we note that the application of the operator j on ayi k
vector increases the number of its coordinates by one. It follows that the
vector u9 has r q t y s q 2 coordinates.
Ž . Ž .a Assume that l s s 0, that is, 1 q s F i F ??? F i . It follows1 r
from the definition of the operators j that the application of theyi s
operator j ??? j on u does not change the coordinate u .yi yi ysq1r 1
Ž .Assume that l s G 1. Since i s i s ??? s i s s, then the applica-1 2 lŽ s.
lŽ s. Ž .tion of j on u increases the right hand coordinate u by l s ; thatyi ysq11
Ž .is, it is equal to u q l s . Since 1 q s F i F ??? F i then theysq1 lŽ s.q1 r
lŽ s.Ž .application of the operator j ??? j on j u does not change theyi yi yir lŽ s.q 1 1
lŽ s.Ž . Ž .right hand coordinate of j u . This finishes the proof of a .yi 1
Ž . Ž .b We shall prove b1 by induction on r G 1. Assume r s 1. If
X Ži - t then u s u and the left hand coordinate of j u q1 yty1 yt yi yt1
. Xl, u , . . . , u , u is equal to l q u s l q u . The remainingytq1 ys ysq1 yt yty1
Ž .coordinates of j u q l, u , . . . , u , u are equal to the corre-yi yt ytq1 ys ysq11
sponding coordinates of u9, and we are done.
Assume i s t. Then uX s 1 q u , uX s 1, uX s 1 q u ,1 yty1 yt yt ytq1 ytq1
X Žand u s u for k G 2. The left hand coordinate of j u qytqk ytqk yi yt1
. Xl, u , . . . , u , u is equal to 1 q l q u s l q u , and theytq1 ys ysq1 yt yty1
Ž .remaining coordinates of j u q l, u , . . . , u , u are equal toyi yt ytq1 ys ysq11
the corresponding coordinates of u9. This finishes the proof for r s 1. The
proof for r G 2 follows by an easy induction by applying the arguments
above.
Ž .We prove b2 by induction on r G 1. First we note that for any pair of
integers a, b G 2 the following equality holds: sysysys sy sy . Thisa 1 b ay1 by1
follows from definitions by a direct calculation.
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Ž . Ž .Hence b1 easily follows for r s 1. Assume that r G 2, and b2 is
Y Ž .proved for r. Let u s j u9 andyi rq 1
u0 s j j ??? j u q l, u , . . . , u , u s j u9 ,Ž . Ž .yi yi yi yt ytq1 ys ysq1 yirq 1 r 1 rq1
Ž .where u9s u9 q l, 0, 0, . . . , 0 and i F i F t q r q 1. It follows fromr rq1
Ž .b1 and the definition of j that u0yi s 1, u0yi y1 s 1 q u9yi ,rq 1 rq1 rq1yi rq 1
u0yi q1 s 1 q u9yi q1, and the remaining coordinates of the vectorsrq 1 rq1
Ž . Ž .u0, u9s u9 q l, 0, 0, . . . , 0 are equal, respectively. Hence, in view of b1 ,
it follows from the formula sysysys sy sy applied to a s uYa 1 b ay1 by1 yi y1rq 1
and b s uY thatyi q1rq 1
y y y y y y y
Y Y Y Y Y Y Y Ys s ??? s s s s s ??? s slqu u u u u yt y ry1 u yt y r u ys u ys q1y ty ry1 y ty r ys ysq1
s s Xy s Xy ??? s Xy s Xylqu u u uyt y r y ty rq1 ys ysq1
s sy sy ??? sy sy .lqu u u uyt y ty1 ys ysq1
The third equality is a consequence of the inductive hypothesis applied to
u9. This completes the proof.
Ž .LEMMA 4.13. Assume that w s . . . , w , w , . . . , w , w , w , ‘ isyj yjq1 y2 y1 0
Ž1. Ž .a dimension-sequence in DS and l w G 0 is the depth of w in the sensep ss
Ž . 2of Definition 4.4. Gi¤en x, y g Z and j G 2 we set
x w , y w s sy sy ??? sy sy x , y ,Ž . Ž . Ž .Ž .j j w w w wyj q1 y jq2 y2 y1
where sy: Z2 “ Z2, with l g Z, is the group automorphism defined by thel
yŽ . Ž . Ž . Ž . Ž . Ž .formula s x, y s y, l y y x . Then x w y y w s x w y x w sl t t t tq1
Ž .w x y y for all t G l w .0
Ž . Ž . Ž . Ž .Proof. The equality x w y y w s x w y x w for all t G 0 is at t t tq1
consequence of the definition of the homomorphisms sy.l
Ž . yŽ .It is easy to see that a9 y b9 s a y b if a9, b9 s s a, b , where2
Ž . 2a, b g Z . It follows that the lemma holds for the principal dimension-
Ž . y ysequence w s v 4.6 , because s s s for all j G 1 and thereforew 2yj
Ž . Ž .x v y y v s x y y for all t G 1. Moreover, it follows that it is suffi-t t
Ž . y ycient to prove the lemma for t s l w only, because s s s for allw 2yj
Ž .j G 1 q l w .
Assume that w g DS Ž1. is a dimension-sequence and w / v. It followsp ss
that there exist positive integers j , j , . . . , j , s G 1, such that1 2 s
w s j j ??? j v .Ž .yj yj yjs sy1 1
Ž .In view of the equality j j s j j in Lemma 4.11 a for s - t, weys yt yty1 ys
can suppose without loss of generality that 1 s j s j s ??? s j - j1 2 d dq1
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F ??? F j , where d q 1 G 1. Thens
w s j j ??? j j dy1 v ,Ž .yj yj yj y1s sy1 d
t Ž . Ž .where we set j v s v, if t s 0 i.e., if there is no i with j s 1 .y1 i
Ž . Ž .We shall prove the required formula x w y y w s w x y y for t st t 0
Ž .l w by induction on s G d.
dy1Ž . Ž .If s s d, then w s j v , d G 1, and the required equality x w yy1 d
Ž .y w s w x y y follows by applying Lemma 4.10, because in this cased 0
Ž .w s d and l w s d.0
Assume now that s G d q 1 and the required equality holds for the
dy1Ž . Ž .dimension-sequence u s j ??? j j v . Then j G 2, w s j u ,yj yj y1 s yjsy 1 d sy y y y y Ž .and the equality s s s s s s in Lemma 4.11 b2 applied to¤ ¤ ¤ w wyt y1 y t y tq1 y t y tq1
t s j yields the equalitiess
x w , y w s x u , y u andŽ . Ž . Ž . Ž .Ž . Ž .rq1 rq1 r r
x w y y w s x u y y uŽ . Ž . Ž . Ž .rq1 rq1 r r
Žfor all r G j , because t s j G 2. Note that the equalities above do nots s
Ž Ž . Ž . .hold for j s 1, because the definition of x w , y w does not involves j j
.w .0
Ž . Ž . Ž . Ž .Since Lemma 4.11 b1 yields l w y 1 G l u and obviously l w G js
Ž .q 1 then from the above equalities applied to r s l w G 1 q j we derives
Ž . Ž . Ž . Ž . Ž . Ž .x w y y w s x u y y u s x u y y u s u xl Žw . l Žw . l Žw .y1 l Žw .y1 l Žu. l Žu. 0
y y s ¤ x y y, because u s ¤ . This finishes the proof of the inductive0 0 0
step and completes the proof of the lemma.
Ž .LEMMA 4.14. Let ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ be a pureys ysq1 y2 y1 0
semisimple dimension-sequence in DS Ž2. and let sy: Z2 “ Z2, with l g Z,p ss l
yŽ . Ž .be the group automorphism defined by the formula s x, y s y, l y y x .l
Ž . 2Gi¤en x, y g Z and t G 2 we set
x ¤ , y ¤ s sy sy ??? sy sy x , y .Ž . Ž . Ž .Ž .t t ¤ ¤ ¤ ¤yt q1 y tq2 y2 y1
Ž .a Then there exist three infinite sequences of natural numbers
v 0 F t - t - t - ??? - t - ??? , with t y t G 2,0 1 2 s rq1 r
v Ž . Ž . Ž .1 F b t - b t - ??? - b t - ??? , and1 2 s
v
X X X X X¤ , ¤ , ¤ , . . . , ¤ , . . . , with 2 F ¤ F ¤ y 2,yt yt yt yt yt yt q11 2 3 r r r
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for r G 1 such that
sy sy ??? sy sy¤ ¤ ¤ ¤yt q1 y t q2 y2 y1r r
¡ y yb Ž t r .q1 y yŽ¤ 0y2 . yXs s s s s , if ¤ G 2 and r G 1,Ž .¤ 2 3 2 1 0yt r~s y yb Ž t .r¢ Xs s , if ¤ s 1 and r G 1,¤ 2 0yt r
Ž . Ž . Ž . Ž Ž . Ž ..Ž .b x ¤ y x ¤ s b t y b t ¤ x y y for all r G 1 andt t rq1 r 0r rq1
Ž . 2all x, y g Z .
Ž . Ž .Proof. a Let ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ sy m y mq 1 y 2 y 1 0
Ž . Ž2.lim j j ??? j v be a sequence in D S , wheres “ ‘ y j y j y j p s ss sy 1 1
j , j , . . . , j , . . . is a sequence of natural numbers such that the conditions1 2 s
Ž . Ž .a and c of Definition 4.4 are satisfied. In view of the equality j j sys yt
j j for all s - t, we can suppose without loss of generality thatyty1 ys
j F j F j F ??? F j F j F ??? .1 2 3 s sq1
Assume that j F j F j F ??? F j F j F ??? is a sequence satisfy-1 2 3 s sq1
Ž . Ž .ing the conditions a and c of Definition 4.4 and such that
¤ s lim ¤ Ž s. ,
s“‘
where we set
¤ Ž s. s j j ??? j vŽ .yj yj yjs sy1 1
Ž . for s G 1. By the condition c of Definition 4.4 the sequence j# s j F j1 2
4F j F ??? F j F j F ??? satisfies the following condition3 s sq1
Ž . Ž Ž sy1..Gj# For every integer s G 1 such that j F l ¤ there exists as
Ž . Ž Ž r Ž s.y1.. Ž Ž iy1..minimal integer r s ) s such that j ) l ¤ and j F l ¤ forr Ž s. i
Ž .all s F i F r s y 1.
Ž .Case 18. Assume that ¤ G 2. In view of Lemma 4.10 a , the assump-0
tions lim ¤ Ž s. s ¤ , ¤ G 2, and j F j F j F ??? F j F j F ???s“‘ 0 1 2 3 s sq1
yield j s j s ??? s j s 1 and j G 2 for all s G ¤ . It follows from1 2 ¤ y1 s 00
Ž .Lemma 4.10 a that
¤ Ž¤ 0y1 . s . . . , 2, 2, 2, 3, 2, . . . , 2, 1, ¤ , ‘Ž .0
Ž¤ 0y1 . Ž Ž¤ 0y1 ..with ¤ s 3. If j ) l ¤ we set t s ¤ . Assume that j Fy¤ ¤ 0 0 ¤0 0 0
Ž Ž¤ 0y1 .. Ž .l ¤ . By applying the condition Gj# to s s ¤ we shall find a0
Ž . Ž Ž r Ž¤ 0 .y1..unique minimal integer r ¤ ) ¤ such that j ) l ¤ and0 0 r Ž¤ .0
Ž Ž iy1.. Ž . Ž .j F l ¤ for all ¤ F i F r ¤ y 1. We set t s r ¤ . Assume that ti 0 0 0 0 i
Ž Ž t i.. Ž Ž t i..is defined and i G 0. If j ) l ¤ we set t s t q 1. If j F l ¤t q1 iq1 i t q1i i
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Ž . Ž .we set t s r t q 1 , where r t q 1 ) t q 1 is a unique positive inte-iq1 i i i
Ž .ger obtained by applying the condition Gj# to s s t q 1. It follows thati
Ž Ž t iq1y1 .. Ž Ž iy1..j ) l ¤ and j F l ¤ for all t F i F t y 1.t i iq1 iq1iq1
With any t , r G 1, we associate a non-negative integerr
l t F ¤ y 2Ž .r yt q1r
Ž Ž t ry1 .. Ž .as follows. If j s 1 q l ¤ we define l t to be a unique positivet rr
integer such that j s j s ??? s j - j . If j G 2 qt t q1 t qlŽ t .y1 t qlŽ t . tr r r r r r r
Ž Ž t ry1 .. Ž .l ¤ we set l t s 0.r
Finally, we define ¤ X G 2 to be the integeryt r
¤ X s 2 q l t F ¤ .Ž .yt r yt q1r r
The assumptions lim ¤ Ž s. s ¤ , j F j F j F ??? F j F j F ??? , thes“‘ 1 2 3 s sq1
Ž . Ž . Ž .definitions of t - t - t - ??? and l t , l t , l t , . . . , and the prop-0 1 2 0 1 2
Ž .erty Gj# yield
Ž . Ž t r . Ž t ry1 .A ¤ s ¤ s ¤ for j s 0, 1, . . . , t y 2,yj yj yj i
Ž . Ž t ry1 . Ž Ž t ry1 . .B ¤ s . . . , 2, 2, 2, 2, ¤ , ¤ , . . . , ¤ , ¤ , ‘ ,yt q1 yt q2 y1 0r r
Ž . Ž t r . Ž Ž t ry1 . .C ¤ s . . . , 2, 2, 3, 1, 1 q ¤ , ¤ , . . . , ¤ , ¤ , ‘ ,yt q1 yt q2 y1 0r r
Ž . Ž t ry1 . Ž t r . Ž .D ¤ s ¤ y 1 s ¤ y l t .yt q1 yt q1 yt q1 rr r r
Ž . Ž . Ž .In order to define the sequence 1 F b t - b t - ??? - b t - ???1 2 s
we need some notation. Given s G 0 we consider the restriction
w xv s, ¤ s 2, . . . , 2, 3, 2, . . . , 2, 1Ž .0
Ž¤ 0y1 . ¤ 0y1 Ž . Ž . Žof the vector ¤ s j v s . . . , 2, 2, 2, 3, 2, . . . , 2, 1, ¤ , ‘ seey1 0
Ž ..Lemma 4.10 a to the coordinates numbered by the integers ys y ¤ , ys0
w x w xy ¤ q 1, . . . , y2, y1. Note that v s, ¤ s 3 and v s, ¤ s 2 for0 0 y¤ 0 j0
j s ys y ¤ , . . . , y¤ y 1.0 0
Ž . Ž .It follows from A ] D that for any r G 1 we have
¤ Ž t r . s j j ??? j j¤ 0y1 vŽ .yj yj yj y1t t y1 ¤r r 0
s . . . , 2, 2, 3, 1, ¤ Ž t r . , ¤ , . . . , ¤ , ¤ , ‘Ž .yt q1 yt q2 y1 0r r
where ¤ Ž t r . s ¤ Ž t ry1 . y 1, 2 F j F ??? F j andyt q1 yt q1 ¤ tr r 0 r
j¤ 0y1 v s . . . , 2, . . . , 2, 3, 2, . . . , 2, 1, ¤ , ‘Ž . Ž .y1 0
Ž .with the y¤ th coordinate equal to 3.0
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In view of the inequalities j G j ) j ) ¤ for r G 1 it is easy to seet t t 0r 1 0
Ž .that there exists a minimal integer b t G 1 such thatr
¤ Ž t r . s 3, 1, ¤ Ž t r . , ¤ , . . . , ¤ˆ Ž .yt q1 yt q2 y1r r
s j j ??? j v b t q 1, ¤ )Ž . Ž .Ž .yj yj yj r 0t t y1 ¤r r 0
Ž t r . Ž Ž t r . .because the vector ¤ s 3, 1, ¤ , ¤ , . . . , ¤ is a restriction ofˆ yt q1 yt q2 y1r r
¤ Ž t r .. Note that ¤ Ž t r . s ¤ Ž t ry1 . q 1.yt q1 yt q1r r
Ž Ž t ry1 .. Ž .It is easy to check that the inequality j ) l ¤ implies b t )t rq1r
Ž . Ž Ž t1y1 .. Ž Ž¤ 0y1 ..b t for all r G 1. Since j ) l ¤ and j ) l ¤ sr t t1 0
Ž ¤ 0y1 Ž .. Ž .l j v s ¤ then b t G 1.y1 0 1
Now we shall prove the equality sy sy ??? sy sy s¤ ¤ ¤ ¤y t q 1 y t q 1 y 2 y 1r ry yb Ž t r .q1Ž y yŽ¤ 0y2 . y.Xs s s s s for ¤ G 2 and r G 1. For this purpose we note¤ 2 3 2 1 0yt r Ž .that the equality ) yields
2, ¤ Ž t ry1 . , ¤ , . . . , ¤ s 2, ¤ Ž t r . y 1, ¤ , . . . , ¤Ž . Ž .yt q1 yt q2 y1 yt q1 yt q2 y1r r r r
s jy1 3, 1, ¤ Ž t r . , ¤ , . . . , ¤Ž .yj yt q1 yt q2 y1t r rr
s j ??? j v b t q 1, ¤ .Ž .Ž .yj yj r 0t y1 ¤r 0
Ž Ž t ry1 ..Since j ) l ¤ , then the equality above yieldst r
Ž t y1.r¤ , ¤ , . . . , ¤ s j ??? j v b t , ¤ ))Ž . Ž .Ž .Ž .yt q1 yt q2 y1 yj yj r 0r r t y1 ¤r 0
w Ž . x Ž Ž t ry1.and by applying Lemma 4.12 to u s v b t , ¤ , u9 s ¤ ,r 0 yt q1r
.¤ , . . . , ¤ and l s 0 we getyt q2 y1r
syŽ t y1.sy ??? sysy s syb Ž t r . sysyŽ ¤ 0y2 .syŽ .r¤ ¤ 2 ¤ 2 3 2 1yt q1 y t q2 y1r r
s sysyb Ž t r .q1 sysyŽ ¤ 0y2 .sy . )))Ž .Ž .2 2 3 2 1
Ž t ry1 . Ž . Ž Ž .. Ž .Since ¤ s ¤ q l t see D then ))) together with Lemmayt q1 yt q1 rr r w Ž . x Ž .4.12 applied to u s v b t , ¤ and l s l t yieldsr 0 r
sy sy ??? sy sy s syŽ t y1. sy ??? sy syr¤ ¤ ¤ ¤ ¤ qlŽ t . ¤ ¤ ¤yt q1 y t q2 y2 y1 y t q1 r y t q2 y2 y1r r r r
s sy syb Ž t r .q1 sysyŽ ¤ 0y2 .syŽ .2qlŽ t . 2 3 2 1r
s s Xy syb Ž t r .q1 sysyŽ ¤ 0y2 .sy .Ž .¤ 2 3 2 1t r
Ž .This finishes the proof of a in case ¤ G 2.0
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Case 28. Assume that ¤ s 1. The assumptions lim j j ???0 s“‘ yj yjs sy1
Ž .j v s ¤ and j F j F j F ??? F j F j F ??? yield j G 2 for allyj 1 2 3 s sq1 s1
s G 1.
Ž Ž t1y1 ..If j G 3 we set t s 0 and t s 1. It follows that j ) l ¤ s1 0 1 t1
Ž Ž0.. Ž .l ¤ s l v s 0.
Assume now that j s 2. We set t s 1, and we note that1 0
¤ Ž t0 . s ¤ Ž1. s . . . , 2, 2, 2, 2, 3, 1, 3, 1, ‘ .Ž .
Ž Ž t0 .. Ž Ž t0 ..If j ) l ¤ s 3 we set t s 2. Assume that j F l ¤ s 3. By apply-2 1 2
Ž .ing the condition Gj# to s s 2 we shall find a unique minimal integer
Ž . Ž Ž r Ž2.y1.. Ž Ž1.. Ž Ž iy1..r 2 ) 2 such that j ) l ¤ G l ¤ s 3 and j F l ¤ forr Ž2. i
Ž . Ž .all 2 F i F r 2 y 1. We set t s r 2 .1
Ž Ž t i..Assume that t is defined and i G 0. If j ) l ¤ we set t s t qi t q1 iq1 ii
Ž Ž t i.. Ž . Ž .1. If j F l ¤ we set t s r t q 1 , where r t q 1 ) t q 1 is at q1 iq1 i i ii
Ž .unique positive integer obtained by applying the condition Gj# to s s ti
Ž Ž t iq1y1 .. Ž Ž iy1..q 1. It follows that j ) l ¤ and j F l ¤ for all t q 1 F it i iiq1
F t y 1.iq1
Ž .With any t , r G 1, we associate as in ) a non-negative integerr
Ž . Ž Ž t ry1 .. Ž .l t F ¤ y 2 as follows. If j s 1 q l ¤ we define l t to be ar yt q1 t rr r
unique positive integer such that j s j s ??? s j - j . Ift t q1 t qlŽ t .y1 t qlŽ t .r r r r r r
Ž Ž t ry1 .. Ž . Xj G 2 q l ¤ we set l t s 0. Finally, we define ¤ G 2 to be thet r ytr rX Ž .integer ¤ s 2 q l t F ¤ .yt r yt q1r r
It follows from the assumption lim ¤ Ž s. s ¤ , j F j F j F ??? F js“‘ 1 2 3 s
Ž .F j F ??? , the definitions of t - t - t - ??? and l t ,sq1 0 1 2 0
Ž . Ž . Ž . Ž . Ž .l t , l t , . . . , and the property Gj# that the conditions A ] D above1 2
remain valid in our case when ¤ s 1.0
Ž . Ž . Ž .In order to define the sequence 1 F b t - b t - ??? - b t - ???1 2 s
we need some notation. Given s G 1 we consider the restriction
w xv s s 2, 2, . . . , 2, 2Ž .
Ž .of the vector v s . . . , 2, 2, . . . , 2, 1, ‘ to the s coordinates numbered by
the integers ys, ys q 1, . . . , y2, y1.
Ž .Since j G j ) j ) ¤ for r G 1, there exists a minimal integer b tt t t 0 rr 1 0
G 1 such that
Ž t . Ž t .r r¤ s 3, 1, ¤ , ¤ , . . . , ¤ s j j ??? j v b t q 2Ž .ˆ Ž .Ž .yt q1 yt q2 y1 yj yj yj rr r t t y1 ¤r r 0
qŽ .
Ž t r . Ž Ž t r . .because the vector ¤ s 3, 1, ¤ , ¤ , . . . , ¤ is a restriction ofˆ yt q1 yt q2 y1r r
¤ Ž t r .. Note that ¤ Ž t r . s ¤ Ž t ry1 . q 1. It is easy to check that the inequalityyt q1 yt q1r r
Ž Ž t ry1 .. Ž . Ž .j ) l ¤ implies b t ) b t G 1 for all r G 1.t rq1 rr
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Ž .Let us give some arguments for the fact that b t G 1. Following the1
definition of t we consider several cases. We recall that in case j G 3 we1 1
Ž .have t s 1. We claim that b t s 1 in case j s 3.1 1 1
Ž t1. Ž .For this purpose we note that ¤ s . . . , 2, 2, 3, 1, 3, 2, 1, ‘ and the
Ž . Ž t1. Ž . Ž . Ž w x.formula q yields ¤ s 3, 1, 3, 2 s j 2, 2, 2 s j v 1 q 2 . It fol-ˆ j jt t1 1Ž . Ž .lows that b t s 1. In a similar way we show that b t G 1 in case1 1
j G 3.1
Recall from the definition of t that in case j s 2 and j ) 3 we have1 1 2
t s 2. Suppose for simplicity that j s 4. Then1 2
¤ Ž t1. s j j v s j j v s . . . , 2, 2, 3, 1, 4, 1, 3, 1, ‘Ž . Ž . Ž .j j j jt 1 2 11
Ž . Ž t1. Ž . Ž . Ž w x.and q yields ¤ s 3, 1, 4, 1, 3 s j j 2, 2, 2 s j j v 1 q 2 . Thisˆ j j j jt 1 t 11 1Ž .shows that b t s 1. The reader can easily prove by applying the argu-1
Ž .ments above that b t G 1 in case j s 2 and j G 5, or j s 2 and1 1 2 1
Ž .2 F j F 3. This will finish the proof that b t G 1 for any vector ¤ with2 1
Ž .¤ s 1, as claimed in b .0
Now we shall prove the equality sy sy ??? sy sy s s Xy syb Ž t r . for¤ ¤ ¤ ¤ ¤ 2yt q1 y t q2 y2 y1 y tr r r
Ž .¤ s 1 and r G 1. For this purpose we note that the equality q yields0
2, ¤ Ž t ry1 . , ¤ , . . . , ¤ s 2, ¤ Ž t r . y 1, ¤ , . . . , ¤Ž . Ž .yt q1 yt q2 y1 yt q1 yt q2 y1r r r r
s jy1 3, 1, ¤ Ž t r . , ¤ , . . . , ¤Ž .yj yt q1 yt q2 y1t r rr
s j ??? j v b t q 2 .Ž .Ž .yj yj rt y1 ¤r 0
Ž Ž t ry1 ..Since j ) l ¤ , then the equality above yieldst r
Ž t y1.r¤ , ¤ , . . . , ¤ s j ??? j v b t q 1 qqŽ . Ž .Ž .Ž .yt q1 yt q2 y1 yj yj rr r t y1 ¤r 0
w Ž . x Ž Ž t ry1 .and by applying Lemma 4.12 to u s v b t q 1 , u9 s ¤ ,r yt q1r
.¤ , . . . , ¤ , and l s 0 we getyt q2 y1r
s Ž t y1.y sy ??? sysy s syb Ž t r .q1 s sysyb Ž t r . . qqqŽ .r¤ ¤ 2 ¤ 2 2 2yt q1 y t q2 y1r r
Ž t ry1 . Ž . Ž Ž .. Ž .Since ¤ s ¤ q l t see D then the equality qqq togetheryt q1 yt q1 rr r w Ž . x Ž .with Lemma 4.12 applied to u s v b t q 1 and l s l t yieldsr r
sy sy ??? sy sy s syŽ t y1. sy ??? sy syr¤ ¤ ¤ ¤ ¤ qlŽ t . ¤ ¤ ¤yt q1 y t q2 y2 y1 y t q1 r y t q2 y2 y1r r r r
s sy syb Ž t r .2qlŽ t . 2r
s s Xy syb Ž t r .¤ 2t r
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Ž .This finishes the proof of a in case ¤ s 1.0
Ž . Ž .b We shall prove b only in case ¤ G 2. The proof in case ¤ s 10 0
is analogous.
Ž . 2 Ž . y yŽ¤ 0y2 . yŽ .Given x, y g Z and r G 1 we set x9, y9 s s s s x, y and3 2 1
Ž X X . yb Ž t r .q1Ž .x , y s s x9, y9 . It follows from Lemma 4.13 that x9 y y9 s ¤ xr r 2 0
y y. Hence we derive xX y yX s x9 y y9 s ¤ x y y, because under ther r 0
operation of sy on any vector the difference of its coordinates remains2
unchanged.
Ž .It follows from a that
x ¤ , y ¤ s s Xy syb Ž t r .q1sysyŽ ¤ 0y2 .sy x , yŽ . Ž . Ž .Ž .t t ¤ 2 3 2 1r r tr
s s Xy xX , yX s yX , ¤ X yX y xX .Ž . Ž .¤ r r r t r rt rr
Ž . X Ž . XHence x ¤ s y and x ¤ s y . Sincet r t rq1r rq1
xX , yX s syŽ b Ž t rq 1.yb Ž t r .. xX , yXŽ . Ž .rq1 rq1 2 r r
Ž . Ž . X Xthen an easy induction on b t y b t ) 0 shows that y y y srq1 r r rq1
Ž Ž . Ž ..Ž X X . Ž . Ž . X Xb t y b t x y y . Consequently x ¤ y x ¤ s y y y srq1 r r r t t r rq1r rq1
Ž Ž . Ž .. Ž X X . Ž Ž . Ž .. Ž X X. Ž Ž .b t y b t x y y s b t y b t x y y s b t yrq1 r r r rq1 r rq1
Ž ..Ž .b t ¤ x y y . This finishes the proof.r 0
Ž .COROLLARY 4.15. Let ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ gym ymq1 y2 y1 0
DS Ž2. be a pure semisimple infinite dimension-sequence of the second kind.p ss
Then there exist two infinite sequences 0 F t - t - t - ??? - t - ???0 1 2 s
Ž . Ž . Ž .and 1 F l t , l t , . . . , l t , . . . of non-negati¤e integers such that t y t1 2 r rq1 r
Ž .G 2, l t F ¤ y 2 and the sequencer yt q1r
¤ y 1 y l t , ¤ , . . . , ¤ , ¤ , ¤Ž .Ž .yt q1 r yt q2 y2 y1 0r r
belongs to D k; i.e., it is a simple restriction of a dimension-sequence, for all
r G 1.
Ž . Ž2.Proof. Given ¤ s . . . , ¤ , ¤ , . . . , ¤ , ¤ , ¤ , ‘ g DS weym ymq1 y2 y1 0 p ss
define the sequences 0 F t - t - t - ??? - t - ??? and 1 F0 1 2 s
Ž . Ž . Ž . Ž .l t , l t , . . . , l t , . . . as in the proof of Lemma 4.14 a . We also keep1 2 r
the notation introduced there.
Ž .Assume that ¤ G 2. It was shown in the proof of Lemma 4.14 a that0
Ž t ry1 . Ž . Ž .¤ s ¤ q l t . Hence the equality )) yieldsyt q1 yt q1 rr r
¤ y l t , ¤ , . . . , ¤Ž .Ž .yt q1 r yt q2 y1r r
s j ??? j v b t , ¤Ž .Ž .yj yj r 0t y1 ¤r 0
s j ??? j 2, 2, . . . , 2, 3, 2, . . . , 2, 1 ,Ž .yj yjt y1 ¤r 0
ARTIN PROBLEM 699
Ž . Ž .where the vector 2, 2, . . . , 2, 3, 2, . . . , 2, 1 has b t coordinates equal to 2r
on the left side of the coordinate 3.
Extend both sides by the coordinate ¤ on the right hand side. Then in0
Ž . ¤ 0y1 Ž .view of the equality 2, 2, . . . , 2, 3, 2, . . . , 2, 1, ¤ s j 2, 2, . . . , 2, 2, 1 we0 y1
get
¤ y l t , ¤ , . . . , ¤ , ¤Ž .Ž .yt q1 r yt q2 y1 0r r
s j ??? j 2, 2, . . . , 2, 3, 2, . . . , 2, 1, ¤Ž .yj yj 0t y1 ¤r 0
s j ??? j j¤ 0y1 2, 2, . . . , 2, 2, 1 .Ž .yj yj y1t y1 ¤r 0
In view of Lemma 4.12 it follows that
¤ y 1 y l t , ¤ , . . . , ¤ , ¤Ž .Ž .yt q1 r yt q2 y1 0r r
s j ??? j j¤ 0y1 1, 2, . . . , 2, 2, 1 .Ž .yj yj y1t y1 ¤r 0
Ž . Ž .Since the sequence 1, 2, . . . , 2, 2, 1 of length 2 q b t is obviously ar
Ž Ž . .simple restriction of the dimension-sequence 1 q b t , 1, 2, . . . , 2, 2, 1r
Ž Ž . .then ¤ y 1 y l t , ¤ , . . . , ¤ , ¤ is a simple restriction of ayt q1 r yt q2 y1 0r r
dimension-sequence. This finishes the proof in case ¤ G 2. In view of the0
Ž .equality qq the proof is analogous in case ¤ s 1.0
Now we are able to prove our main result of this paper on right pure
semisimple rings.
THEOREM 4.16. Assume that there exist di¤ision rings F, G, and an
F-G-bimodule M such that the associated infinite dimension-sequenceF G
Ž . Ž . Ž1. Ž2.d M 4.2 belongs to DS s DS j DS . Then the followingy‘ F G p ss p ss p ss
statements hold.
Ž .a The hereditary ring
F MF GR sM ž /0 G
is right pure semisimple and of infinite representation type.
Ž . Ž .b The Auslander]Reiten qui¤er of the category mod R has pre-M
cisely two connected components:
Ž . Ž .i the preinjecti¤e component Q of the form 2.8 consisting ofM
countably many indecomposable modules QŽ0., j G 0; andj
Ž . Ž .ii the preprojecti¤e component P of the form 2.10 consistingM
Ž .of l s 2 q ht M indecomposable modules.F G
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Ž . Ž .Proof. First we consider the case ht M s 0. The statement bF G
follows from Proposition 4.17 proved below. Moreover we easily conclude
f1
from Proposition 4.17 that for any sequence X “ X “ ??? “1 2
fm
X “ X “ ??? of non-isomorphisms between indecomposable mod-m mq1
Ž .ules X , X , . . . in mod R there exists m ) 1 such that f f ??? f f1 2 M m my1 2 1
s 0. It follows that R is a right pure semisimple ring, because theM
Ž . Ž .conditions P1 ] P4 stated in the Introduction are equivalent. This fin-
Ž .ishes the proof in case ht M s 0.F G
Ž . Ž . Ž .Assume now that ht M G 1. Since the sequence d M 4.2F G y‘ F G
belongs to DS then Proposition 2.6 applies and there exists thep ss
Ž . Ž . Ž Žm..sequence 2.2 of reflection functors with m s ht M . Since ht M sF G
Ž . Ž Žm..0 and d M s d M then the case proved already above appliesy‘ F G y‘
to the ring R . It follows that R is representation-infinite, right purem m
Ž .semisimple and the Auslander]Reiten quiver of mod R has the formm
described in Proposition 4.17 below. Hence by applying the properties of
the reflection functors stated in Lemma 2.3 we conclude that every
Ž .indecomposable module in mod R is either preprojective or preinjec-M
Ž .tive, and according to Proposition 2.6 d the ring R s R has theM 0
Ž . Ž .properties a and b of our theorem.
In order to finish the proof of Theorem 4.16 it remains to prove the
following result.
PROPOSITION 4.17. Assume that there exist di¤ision rings F, G, and an
F-G-bimodule M such that dim M s ‘ and the associated infinite dimen-F G F
Ž . Ž . Ž1. Ž2.sion-sequence d M 4.2 belongs to DS s DS j DS . Lety‘ F G p ss p ss p ss
F MF GR s .M ž /0 G
Then the following statements hold.
Ž . Ž .a E¤ery indecomposable preinjecti¤e module in mod R is isomor-M
Ž0. Ž .phic to one of the modules Q defined in 2.7 . The preinjecti¤e componentm
Ž Ž .. Ž .Q of G mod R has the form 2.8 . The preprojecti¤e component P ofM M M
Ž Ž .. Ž .G mod R consists of two projecti¤e modules P s 0, G and P sM 0 1
Ž .F, M , w , where w : F m M “ M is the canonical isomorphism.G F G G
Ž . Ž .b E¤ery indecomposable module in mod R is isomorphic to aM
Ž .preinjecti¤e module or to one of the projecti¤e modules P s 0, G and0
Ž .P s F, M , w .1 G
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Ž .c For any m G 1 there exists an exact sequence
uqm m0 “ P “ P “ X “ 0,0 1 m
where uq is an irreducible homomorphism and X is a unique indecompos-m m
Ž M . Mable preinjecti¤e module with dim X s m, md y 1 , where d sm 0 0
dim M .G
Ž . ŽProof. Since, by our assumption, dim M s ‘, d M s . . . ,F y‘ F G
M M M .d , . . . , d , d , ‘ is a dimension-sequence in DS and the heightym y1 0 p ss
Ž . Ž .ht M of M is zero then Proposition 2.6 applies and a follows.F G F G
Ž . Ž X Y .b Let X s X , X , c be an indecomposable module inF G
Ž . X Ymod R , where X and X are finite-dimensional vector spaces over theM F G
division rings F and G, respectively, and c : X 9 m M “ X Y is a G-lin-F G G
Ž X Y . Ž . Žear map. Let dim X s dim X , dim X s x, y . It follows that dim X 9F G
. Mm M s xd .F G 0
Assume that X is not isomorphic with P . Then c is surjective and0
therefore xdM G y. If xdM s y then c is bijective and X ( P x. It follows0 0 1
that x s 1 and X ( P .1
Assume that xdM ) y. If y s 0 then x s 1 and X is isomorphic to the0
Ž0. Ž .simple injective module Q ( F, 0 .0
Assume that y G 1 and that X is not preinjective. Since Proposition 2.6
Ž .applies then the sequence of reflection functors 2.2 has the form
S q qSyj y1
??? ¡ mod R ¡ mod R ¡ ??? ¡ mod R ¡ mod R .Ž . Ž .Ž . Ž .yj yjq1 y1 My yS Syj y1
Since X is not preinjective then by the properties of the reflection functors
w x y y ystated in Lemma 2.3 and 22, Lemma 3.1 the module S S ??? S Xyj yjq1 y1
Ž .is non-zero and indecomposable for any j G 1. The formula 2.4 yields
dim S y S y ??? S y X s s My ??? s My dim X s s My ??? s My x , yŽ . Ž .yj yjq1 y1 d d d dyj y1 y j y1
Ž . y y Ž .M Mand the vector x , y s s ??? s x, y has non-negative coordi-jq1 jq1 d dyj y1
nates and is non-zero for any j G 1.
Ž .On the other hand, the vector x , y is just the vectorjq1 jq1
Ž Ž . Ž . .x ¤ , y ¤ associated in Lemmas 4.13 and 4.14 to the infinitejq1 jq1
Ž M M M M M .dimension-sequence ¤ s . . . , d , d , . . . , d , d , d , ‘ and toys ysq1 y2 y1 0
Ž . 2x, y g Z .
Ž . Ž1.First we assume that ¤ s d M g DS . It follows from Lemmay‘ F G p ss
Ž . Ž . M4.13 that x y x s x ¤ y x ¤ s xd y y for t sufficiently large. Int tq1 t tq1 0
view of the assumption xdM ) y this yields that x ) x ) x ) ???0 t tq1 tq2
and therefore the coordinate x is negative for j sufficiently large; aj
contradiction.
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Ž . Ž2.Next we assume that ¤ s d M g DS . It follows from Lemmay‘ F G p ss
4.14 that there exist two sequences 0 F t - t - t - ??? - t - ??? and0 1 2 r
Ž . Ž . Ž .1 F b t - b t - ??? - b t - ??? of integers such that x y x1 2 rq1 t tr rq1
Ž . Ž . Ž Ž . Ž ..Ž M . Ž .s x ¤ y x ¤ s b t y b t xd y y for all r G 1 and all x, yt t s r 0r rq1
g Z2. In view of the assumption xdM ) y this yields that x ) x ) x0 t t tr rq1 rq2
) ??? , and therefore the coordinate x G 0 is negative for r sufficientlyt r
Ž .large, a contradiction. This finishes the proof of b .
Ž .For the proof of c apply the arguments used in the proof of the
Ž . w x Ž .statement d in 23, p. 120 and then apply b .
COROLLARY 4.18. Let F, G, M , and R be as in Theorem 4.16.F G M
Ž .a The right R -modules ha¤e the properties stated in Corollary 2.11.M
Ž . Ž . 2b For any ¤ector x, y g N the number of isomorphism classes of
Ž .indecomposable right R -modules Z such that dim Z s x, y is equal 0M
or 1.
Ž . Ž .c For e¤ery indecomposable module X in mod R the extensionM
1 Ž . Ž .group Ext X, X is zero and the endomorphism ring End X is a di¤isionR M
ring isomorphic to F or to G.
Ž . ‘Ž Ž .. ‘ jd The infinite Jacobs on radical rad mod R s F radM js0
Ž Ž .. Ž .mod R of the category mod R is not zero, whereas its squareM M
Ž ‘Ž Ž ...2 Ž w x.rad mod R is zero see 3, 21 .M
Ž .e The ring R has a Morita duality which is not a self-duality.M
w xProof. Apply the previous results and 9 .
Ž . Ž .Remark 4.19. If d M s . . . , 2, 2, 2, . . . , 2, 1, ‘ then according toy‘ F G
w x23 any irreducible homomorphism between indecomposable preinjective
Ž .modules in mod R is surjective. This does not hold for arbitrary pureM
semisimple rings R discussed in Theorem 4.16. For example, ifM
Ž . Ž . Ž Ž0.. Ž Ž0..d M s . . . , 2, 2, 2, . . . , 2, 3, 1, 3, 1, ‘ then l Q s 4 and l Q s 3y‘ F G 1 2
Ž Ž ..apply Corollary 2.11 d . It follows that every non-zero homomorphism
QŽ0. “ QŽ0. is injective, but not surjective.2 1
Ž . Ž .Remark 4.20. a The method applied in the proof of Lemma 4.14 a
provides us with a simple recipe for constructing all dimension-sequences
in the set DS Ž2..p ss
Ž . Ž .b Since for any ¤ s . . . , ¤ , . . . , ¤ , ¤ , ‘ g DS there existsym y1 0 p ss
w xj G 1 such that ¤ s 1, then according to 22, Remark 4.5 the existenceyj
Ž .of an F-G-bimodule M such that d M s ¤ is an infinite version ofF G y‘ F G
w xthe Artin problem for division ring extensions studied in 4, 16, 22, 23, 24
Ž w x.see 22, Sect. 4 .
We hope that, by applying a modification of the bimodule amalgam
w xrings construction of Schofield 16, Chap. 13 , one can construct a division
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Ž .ring embedding F : G such that d G s ¤ for a suitable dimension-y‘ F G
sequence ¤ g DS .p ss
Problem 4.21. Assume that F, G are division rings, M is F-G-bimod-F G
ule such that dim M s ‘, and the associated infinite dimension-sequenceF
Ž . Ž . Ž1. Ž2.d M 4.2 belongs to DS s DS j DS . In relation to ques-y‘ F G p ss p ss p ss
w xtions of Auslander 2, p. 11 the following problem arises.
Ž .a Find a decomposition of the right R -moduleM
‘‘
Ž0. Ž0.L Q s Q r Q 4.22Ž . Ž .Ł [M m m
mG0 mG0
in a direct sum of indecomposable modules, where QŽ0., QŽ0., QŽ0., . . . arem 1 2
Ž .the preinjective modules shown in 2.8 .
Ž .b Give a characterization of F-G-bimodules M for which theF G
Ž .R -module L Q is projective.M M
Since the ring R is right pure semisimple and representation-infiniteM
Ž .then L Q is a direct sum of indecomposable modules and according toM
w x Ž .2, Proposition 2.4, 30 L Q has an indecomposable projective directM
Ž .summand, because every indecomposable module in mod R is eitherM
Ž .preinjective or projective see Proposition 4.17 .
Ž .Note added in proof. A One can prove the following converse of
Ž w x.Theorem 4.16 see 26 . Let F, G be division rings and M an F-G-bi-F G
module such that dim M s ‘ and for any indecomposable non-projectiveF
Ž .module Z in mod R there exists an almost split sequence 0 “ X “ YM
Ž . Ž .“ Z “ 0 in mod R , where R is the ring 1.1 . Then the numbersM M
M M M Ž .d , d , d , . . . 4.1 are finite, the associated infinite dimension-se-0 y1 y2
Ž . Ž .quence d M 4.2 is ‘-admissible of the formy‘ F G
d M s . . . ,d M , . . . , d M , d M , d M , ‘ ,Ž . Ž .y‘ F G yj y2 y1 0
and the following conditions are equivalent.
Ž .a The heriditary ring R is representation-infinite right pureM
Ž .semisimple and the Auslander]Reiten quiver of the category mod R isM
a disjoint union of two connected components, where one is finite and the
other is infinite.
Ž . Ž .b The Auslander]Reiten quiver of the category mod R is aM
disjoint union of two connected components.
Ž . Ž . Ž .c The associated inifinite dimension-sequence d M 4.2 be-y‘ F G
Ž1. Ž2. Ž .longs to the set DS s DS j DS see Definition 4.4 .p ss p ss p22
Ž . ‘ Ž .d The infinite radical rad of the category mod R is non-zero,R MM
Ž ‘ .2whereas its square rad is zero.R M
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The result will be published in a subsequent paper.
Ž . Ž . Ž .B Frank Okoh has proved recently that the module L Q 4.22M
associated with an F-G-bimodule M is projective if the infinite dimen-F G
Ž . Ž .sion-sequence d M 4.2 associated with M equals v sy‘ F G F G
Ž . Ž .. . . , 2, 2, . . . , 2, 2, 1, ‘ . This answers partially the question b in Problem
4.21.
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